Recently, Almheiri, Dong, and Harlow have argued that the localization of bulk information in a boundary dual should be understood in terms of quantum error correction. We show that this structure appears naturally when the gauge invariance of the boundary theory is incorporated. This provides a new understanding of the non-uniqueness of the bulk fields (precursors). It suggests a close connection between gauge invariance and the emergence of spacetime.
INTRODUCTION
The emergence of bulk spacetimes with gravity from nongravitational boundary theories is a remarkable and fundamental discovery [1] . A deeper understanding of how local bulk information is encoded in the boundary theory has been the goal of much work. It is believed that a subregion of the boundary theory describes a corresponding subregion of the bulk, the causal wedge [2] [3] [4] . Recently, Almheiri, Dong, and Harlow have framed some sharp puzzles in this regard [5] . They note a striking parallel between these and the ideas of quantum erasure correction and quantum secret sharing.
In this paper, we show that quantum error correction and quantum secret sharing appear automatically as a consequence of boundary gauge invariance. The resulting construction differs from standard examples of error correction in that the precursors act in the full space of gauge-invariant states; it is not necessary to introduce a distinct code subspace. We illustrate this in two simple models, a discrete model similar to one in Ref. [5] , and a free-field model of precursors. This observation gives a deeper and more general understanding of the nonuniqueness of the precursor construction. While a local bulk operator is dual to many different CFT precursor operators, they are all equivalent when acting on gauge invariant states.
A DISCRETE MODEL
The puzzles of Ref. [5] deal with "precursors" [6] [7] [8] [9] [10] , CFT operators dual to local bulk operators. The first puzzle is that bulk locality requires a precursor to commute with all spacelike separated local CFT operators.
(To be precise, there are limitations to the commutativity due to gravitational dressing at higher order in 1/N [11] , which we will discuss later.) The second puzzle is that one can cover the CFT by three patches A, B, C, such that the precursor can be reconstructed from any of AB, BC, or CA though not from A, B, or C separately. Thus, the bulk information is stored in the CFT in a very nonlocal way. As Ref. [5] notes, this is strongly reminiscent of quantum erasure correction and quantum secret sharing [12] .
It might appear challenging to construct CFT operators having such properties, but we exhibit here a simple model in which they are realized precisely, and in which gauge invariance plays an essential role. As in Ref. [5] , we model the boundary theory by three sites as in Fig. 1 . The new ingredient is an O(N ) gauge symmetry, which for simplicity we take to depend on time but not on space, so that its only effect is to constrain the Hilbert space to invariant states. In our example, each site has a single bosonic degree of freedom transforming in the N of O(N ). These are denoted (φ i a , π i a ), where the subscript denotes the site and the superscript is the O(N ) index; dot products will always be on the O(N ) indices.
We wish to construct a nontrivial precursor operator that commutes with the local gauge invariants, those that are restricted to any single site. To do this, we note that φ · φ, φ · π, and π · π, which generate the complete set of O(N ) invariants on site a, form an SL(2, R) algebra. The doublet (φ 
is a gauge-invariant operator satisfying the conditions. These are nontrivial; for example P 12 does not commute with φ 2 ·φ 3 . The bulk precursors can then be built out of the P ab . For example, P 12 + P 23 + P 31 should be Φ(0).
The P ab appear to be double trace operators, while the bulk fields should be single-trace. However, normal ordering will induce single-trace terms, and these are the leading terms in 1/N ; we will see an example in the next section. Since the appropriate normalordering prescription will depend on the background, a background-independent precursor will have different single-trace parts in different backgrounds.
A better way to understand this construction is to note that L 
annihilates all physical states. Note also that
It follows that on physical states P 12 is equivalent to −P 22 − P 32 , which does not involve the site 1 at all. For any operator A ij in the adjoint, the combination
Also, the commutator of the operator (4) with an invariant,
need not vanish identically, but it vanishes on physical states because we can commute L ij through to the right. The gauge-invariant precursors thus have natural error-correction built in. We can read messages encoded in any of the P ab by looking at the state on any two sites, while observables on any single site contain no information about any P ab . Note that in addition to erasing any single site, we can introduce arbitrary gauge-invariant one-site errors on the remaining sites without losing the message. This may not fit precisely into the standard framework of quantum error correction [12] . The gaugeinvariant subspace in which the precursors act is not a standard code subspace, in that not all states represent distinct messages: it also includes error degrees of freedom from the one-site gauge invariant operators. The code subspace in the model of Ref. [5] can also be characterized as a gauge-invariant space, under the Z 3 × Z 3 where the first factor cyclicly permutes the sites and the second shifts all registers equally. However, there are no analogs of the singlesite gauge invariants, which correspond to local operators in the CFT. 
FREE-FIELD PRECURSORS
Now let us apply these lessons to a continuum model of precursors. Essentially this is an infinite-site version of the preceding example. We will take the CFT to be a free massless scalar φ i in two dimensions; this will not have a fully local holographic dual, but at least at the level of the two-point function it provides a good model [13, 14] . The operator φ 2 has dimension zero, so is dual to a massless AdS 3 scalar Φ(t, ρ, θ).
By the usual precursor construction [6] [7] [8] [9] [10] , one uses bulk equations of motion to express Φ(t, ρ, θ) in terms of the CFT field φ 2 smeared over space and time, and then uses CFT equations of motion to evolve this to an operator at a single time. We will work in the large N limit, expanding Φ in terms of bulk creation operators b † rl for the normal modes j rl ,
Taking the boundary limit of Φ, we find that b rl is the Fourier transform over space and time of φ 2 . Using the equations of motions for φ yields the precursor for a bulk mode,
where α m for m positive (negative) is the annihilation (creation) operator for φ for left-movers of momentum m, and similarly forα m for right-movers. The 1/ √ N normalization is to give the correct O(1) two-point function. Thus (6) becomes
where h mn is related to j rl in a simple way. The precursor can alternatively be expressed in position space,
The integrals (9) run over the full range 0 ≤ θ , θ ≤ 2π, and so determine Φ in terms of CFT operators on a full Cauchy slice for the CFT. However, it is expected that bulk physics can be reconstructed in terms of the state on a smaller region of the CFT, namely any one whose causal wedge contains the given bulk point. One can make this explicit, for example, by separating the CFT into two halves: each reconstructs a Rindler wedge of the bulk; see Fig. 2 . One can expand the fields in terms of Rindler modes, in a way analogous to (6) . Using now the precursor for a Rindler mode, one has the analogous expression to (8),
. (10) where ρ, θ are now functions of the AdS-Rindler coordinates, k, q are continuous, and h R k,q is related to the AdS-Rindler modes. The Rindler Fourier operators α k (distinguished from the global CFT α m by their subscript) have support only within the Rindler patch of the CFT, which is half of the CFT. On the other hand, the global CFT operators α m , or equivalently the functions f (t, ρ, θ; θ , θ ) and g(t, ρ, θ; θ , θ ), take values in the full Cauchy slice, so that bilinears may lie in either half of the CFT, or stretch between them. So there appears to be a contradiction between the forms (8) and (10) .
The point is that there is freedom in the choice of the functions h mn and h R kq . This is particularly simple in this large-N limit where only the two-point functions of gauge-invariant operators remain. From the form (8), we see that any additional contribution α m ·α n for mn < 0, annihilates the vacuum in both directions and so makes no contribution to the two-point function. Therefore to this order we have freedom to shift
for arbitrary λ mn restricted to mn < 0. In the Appendix we show explicitly that the Poincaré and Rindler precursors are equal up to the equivalence (11).
2 There is no AdS-Rindler analog of the position space expression (9) [10] . This will not be relevant for our purposes, but it is related to the need for exponential precession in measurement of the Rindler boundary data in order to reconstruct the bulk state [15] .
This freedom is well-known [9] , but in light of the preceding section we can express it in a new and powerful way. The generator of gauge transformations is
where the last term acts on the zero modes. Then for m < 0 and n > 0, we have
The first term on the right is normal ordered, and so of order N , while the second is of order N 3/2 . Thus the freedom (11) is a special case of the freedom (4), a surprising result. What had seemed to be a somewhat obscure dynamical freedom is reinterpreted in terms of gauge invariance. Note too that for mn > 0 there is no normal-ordering constant in L ij α i m α j n , so these bilinears are nonvanishing as we would expect. This interpretation of the freedom in the precursor construction shows that it is not special to the 1/N approximation, nor to a given vacuum.
In fact, it is not possible for the precursors to commute exactly with all local operators because they cannot commute with the Hamiltonian, which is an integral over T µν . This corresponds to the need for gravitational dressing to define the bulk position in a coordinate invariant way [11] . This did not arise in the free-field model because it is of higher order in 1/N . Also at higher orders in 1/N there are other complications. The free-field toy model will not be local in the bulk below the AdS scale. And, in a realistic model the gauge symmetry will be a function of space as well as time, necessitating Wilson lines in the precursors; their commutators will enter at next order in 1/N . In the full-fledged duality, precursors can be constructed order by order in 1/N around a semiclassical background [17, 18] , and by construction the localization properties noted above will hold in this expansion. Extension of the construction beyond this expansion is an interesting question for the future.
The gravitational dressing can be such that the precursor fails to commute with local CFT operators at only one point [19] , for example by working in Fefferman-Graham gauge. This may seem like too strong a requirement to satisfy, but the precursor construction guarantees it at least in the 1/N expansion around a semiclassical background. It is sometimes argued that this would require the precursors to commute with nonlocal operators as well, because the latter can be expanded in an infinite series of local operators. However, taking a commutator does not commute with summing such a series. To see this, consider a free scalar, where
The operator π(0, x) commutes with every operator on the right for x = 0, but only commutes with the operator on the left for |x| > |t|. It should be noted that taking a commutator also does not commute with the operator product expansion, nor with taking the continuum limit of a lattice theory. The point is that a commutator is the zero-time limit of a difference of time-orderings, and this limit need not commute with the others.
CONCLUSION
Dualities only act on gauge-invariant quantities, and so the role of gauge symmetry is often deemphasized. However, our work suggests a deep connection between gauge invariance in the boundary theory and the emergence of the dual spacetime, which deserves further exploration. This connection shows up in the natural errorcorrection that allows for the localization of bulk information in different regions, and which seems to capture the gauge/gravity structure more precisely than the standard error correction schemes. This is seen both in the three-site model and in the continuum precursors. The introduction of gauge symmetries into quantum information theory may be interesting to explore for other reasons as well.
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APPENDIX
Let b ωk denote the bulk annihilation operator for a Rindler mode with frequency ω and momentum k. For these modes the precursor is
Here α ω ,α ω denotes the left-and right-moving Rindler mode operators for the fundamental CFT field φ, with positive frequency on the lowering operator, [α ω , α ω ] = 2πωδ(ω + ω ). Let us do a Bogoliubov transformation to the Minkowski mode operators
We distinguish the Minkowski modes by their arguments, ν, κ. Then
where ν ± = 1 2 (ν ± κ). Our goal now is to show that this is equivalent to the precursor found from the Poincaré smearing function.
The precursor for a Poincaré mode is
Unlike the Rindler case, where there are evanescent modes with |ω| < |k| [16] , the Minkowski modes are restricted to |ν| > |κ|, or ν + ν − > 0. We want to express our AdS Rindler mode in terms of Poincaré modes, and then use the precursor (18) for each of the Poincaré modes. To do this we need to do a bulk Bogoliubov transformation,
In the second line we have inserted the Poincaré precursor (18) . The Rindler and Poincaré precursors (17) and (19) differ in their ranges of integration, the latter restricted to ν + ν − > 0. The smaller momentum range translates into a larger coordinate range: the Rindler precursor by construction includes only bilinears with both fields in one Rindler patch of AdS, while for the Poincaré precursor each field can be in either patch. The equivalence of Eqs. (17) and (19) requires that
for ν + ν − > 0. The remaining difference, from modes with ν + ν − < 0, is then pure gauge to leading order in 1/N . This was shown in Eq. (13) 
which yields the Poincaré metric,
Notice that as r → ∞, we have that
which is the standard transformation between Minkowski and Rindler coordinates. The bulk Bogoliubov coefficients are given by the overlap between an AdS-Rindler mode and a Poincaré mode. This overlap is usually computed on a spacelike codimension-one surface. We will instead compute it on a timelike codimension-one surface: the boundary of AdS. The boundary limit of the Poincaré/AdS-Rindler modes is, respectively,
where we have rescaled by the conformal factor z ∆ and have chosen a nonstandard normalization for the modes. The Bogoliubov coefficients are thus Γ ωk,νκ = dudv e −iuν+−ivν− (−u)
confirming the needed relation (20) between the AdSRindler/Poincaré Bogoliubov coefficients and the boundary Rindler/Minkowski Bogoliubov coefficients.
